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We study numerically the synchronization of external-cavity semiconductor lasers in a master–slave configu-
ration, based on a Lang–Kobayashi-type model. Depending on the feedback and coupling strengths, the slave
laser synchronizes with the injected optical field or with the injected field but lags in time. We show that
these two types of synchronization present different robustness with respect to the noise, frequency detuning,
and current modulation of the master laser. © 2002 Optical Society of America
OCIS codes: 140.5960, 140.1540, 060.4510.The synchronization of unidirectionally coupled semi-
conductor lasers is an issue that has attracted a lot
of attention in recent years1 – 14 because of its poten-
tial application to encoded optical communications.
Locquet et al.15 recently showed that, when the lasers
are both external-cavity lasers, two different types of
synchronization are possible. In the f irst type, both
lasers are subject to the same feedback level, and
the slave-laser intensity, Ist, synchronizes with the
intensity injected from the master laser, Imt 2 tc,
where tc is the f light time from the master to the
slave laser. In the second type of synchronization, the
slave-laser intensity synchronizes with the master-
laser intensity but with a lag time that is the
difference between the external-cavity round-trip
time, t, and the f light time from one laser to the
other: Ist  Imt 2 tc 1 t. Ahlers et al.4 have
shown that this type of synchronization occurs when
the feedback level of the master laser, gm, is equal to
the sum of the feedback level of the slave laser, gs,
and the optical coupling strength, h. In this Letter,
we study these two types of synchronization and
show that they present different sensitivities to noise
and frequency detuning and that they differ in the
response of the slave laser to current modulation of
the master laser.
The rate equations for two single-mode semiconduc-
tor lasers with coherent optical feedback and optical
injection from one laser to the other are11
Ei  ki1 1 iai Gi 2 1Eit 1 giEit 2 texp2ivit




N   ji 2 Ni 2 GijEij2tni . (2)
Here, the indices i  m and i  s refer to the mas-
ter and the slave laser, respectively, Ei is the slowly0146-9592/02/010031-03$15.00/0varying complex f ield, and Ni is the normalized carrier
density. The term hEmt 2 tcexp2ivmtc 2 Dvt
in Eq. (1) exists only for the slave laser and accounts for
the light injected from the master laser. The parame-
ters are as follows: ki is the cavity losses, ai is the
linewidth-enhancement factor, Gi  Ni11 eijEij2 is
the optical gain (where ei is the gain saturation coeffi-
cient), vi is the optical frequency of the solitary laser,
and Dv  vm 2 vs is the frequency detuning between
the lasers. jit are independent complex Gaussian
white noises with correlation jitjjt0  di, jdt 2
t0, and Di is a measure of the noise intensity. ji is
the normalized injection current, and tni is the carrier
lifetime. The model includes a single ref lection in the
external cavity and therefore is valid for weak and mod-
erate feedback levels. We assume in the following that
the lasers have the same parameters, except for the op-
tical frequencies and the feedback levels.
To characterize the quality of the two types of syn-
chronization, we calculate the correlation coeff icient,
C, between Imt 1 tl and Ist, where tl  2tc when
gm  gs and tl  t 2 tc when gm  gs 1 h. The pa-
rameters used are given in the caption of Fig. 1. In
particular, we have chosen a master feedback level
gm  20 ns21, which leads to a chaotic master-laser
intensity.
Figure 2 shows the results when gs  gm. The
horizontal axis is the frequency detuning between
the lasers, the vertical axis is the optical coupling
strength, and the gray level represent the value of the
correlation coeff icient (darker gray represents a large
correlation). Figure 2 shows the results for the same
parameters as Fig. 1 but when gs  gm 2 h. This is
a necessary condition for observing synchronization
with a lag time t 2 tc.4 Since gm, gs, and h cannot
take negative values, the maximum value of h in
Fig. 2 is equal to gm 20 ns21.
The dark regions in Figs. 1 and 2 correspond to
regions in which there is synchronization. In Fig. 1,
the degree of synchronization is very good: The
correlation coeff icient is larger than 0.99 in the© 2002 Optical Society of America
32 OPTICS LETTERS / Vol. 27, No. 1 / January 1, 2002Fig. 1. Correlation coeff icients C as a function of the fre-
quency detuning and the optical coupling strength. The
parameters are gm  gs  20 ns21, k  250 ns21, e  0.017,
tn  2 ns, a  5, j  8.25, D  0.02 ns21, and vmt 
22.5 rad. In the synchronization region, C is larger
than 0.99.
Fig. 2. Same as Fig. 2 but with the feedback of the slave
laser gs  gm 2 h. To facilitate the comparison, we plot
the correlation coeff icient on the same gray scale as in
Fig. 1. The largest value of C is 0.94.
synchronization region (the coefficient decreases
near the boundaries of the region, abruptly for neg-
ative detuning and gradually for positive detuning).
In Fig. 2, the degree of synchronization is not as
good: The maximum value of the correlation coeff i-
cient is 0.94 (notice the difference from the dark gray
of the synchronization regions in Figs. 1 and 2). One
can see that, for the f irst type of synchronization to
occur, coupling coeff icient h must be at least larger
than gm 20 ns21. However, the second type of
synchronization occurs for coupling strengths that are
at least larger than gm2 10 ns21.
The sensitivity to frequency detuning is different for
each type of synchronization. In Fig. 1, the synchro-
nization region extends over detunings of a few tens
of gigahertz, whereas in Fig. 2 the synchronizationregion extends over detunings of only a few gigahertz.
The reason for this difference is twofold. First, the
coupling strength can be much larger in the first type
of synchronization than in the second (since in the
latter case the coupling strength is inherently limited
to a maximum value of h  gm). The second reason
is the existence, in the f irst type of synchronization,
of a mechanism that compensates for the effect of fre-
quency detuning, which is absent in the second type.
In the second type of synchronization, the lagged laser
variables (the optical field and the carrier density) are
exactly equal.4 In the first type of synchronization,
the laser variables are related but are not necessarily
equal.15 The difference between the laser variables
varies with the amount of frequency detuning in
such a way that synchronization can be preserved.
These variations (that compensate for frequency
detuning) are not possible in the second regime of
synchronization (in which the laser variables are iden-
tical and the presence of frequency detuning cannot be
compensated for). The fact that these variations are
not possible contributes to an explanation of the less-
robust synchronization in the second case.
In Fig. 2, there are two parameter regions in which
the correlation coefficient takes a negative value
(notice the lighter zones surrounding the dark syn-
chronization zone). The behavior in these regions
might be related to the antisynchronization phenome-
non that was recently reported in Refs. 12 and 14.
However, the correlation coefficient is at most 20.3,
so the lasers are not antisynchronized.
The second regime of synchronization is more sensi-
tive to noise than the f irst. In Fig. 1, the correlation
coefficient is larger than 0.999 even in the presence
of noise. However, in Fig. 2, and without detuning,
the correlation coefficient is at most 0.939, whereas
in the absence of noise the intensities would be per-
fectly synchronized (with a correlation coeff icient equal
to 1). One can better represent the effect of noise
visually by plotting the intensity of the slave laser
versus the intensity of the master laser. Figure 3(a)
corresponds to gm  gs, and Im is shifted in time by
tl  2tc; Fig. 3(b), to gm  gs 1 h, and Im is shifted
in time by tl  t 2 tc. The other parameters are cho-
sen from the synchronization regions of Figs. 1 and 2.
The points in Fig. 3(a) are clearly concentrated along a
straight line, whereas in Fig. 3(b) they are more scat-
tered (owing to noise-induced bursts of desynchroniza-
tion). Notice that in Fig. 3(a) the points lie along a
line that is slightly tilted with respect to the diago-
nal, whereas in Fig. 3(b) most of the points are aligned
along the diagonal. This difference is due to the fact
that, when the lasers have identical parameters, in
the first type of synchronization, Ist  aImt 2 tc,
where a is a constant,15 whereas in the second type,
Ist  Imt 2 tc 1 t.4
We now address the results obtained when a small si-
nusoidal modulation is applied to the injection current
of the master laser: jm  j011 h sin2pfmodt. We
are motivated by the experimental results of Fischer
et al.,10 and we chose parameters to match the relaxa-
tion oscillation frequency and the external-cavity fre-
quency of the lasers used in the study reported in
January 1, 2002 / Vol. 27, No. 1 / OPTICS LETTERS 33Fig. 3. (a) Imt2 tc plotted versus Ist. The parameters
are gm  gs  20 ns21, h  50 ns21, Dv  0, and D 
0.02 ns21; all other parameters are as in Fig. 2. C  0.99.
(b) Imt 1 t 2 tc plotted versus Ist. The parameters
are gm  20 ns21, gs  0, h  20 ns21, Dv  0, and D 
0.02 ns21; all other parameters are as in Fig. 2. C  0.94.
Fig. 4. rf spectra of the lasers when the master injection
current is periodically modulated. The top (bottom) trace
corresponds to the master (slave) laser. The parameters
are a  3, tn  1 ns, k  300 ns21, e  0.01, D  0.01 ns21,
j0  1.5, h  0.1, t  3.6 ns, tc  1.7 ns, and gm  50 ns21.
(a) gs  gm, h  3gm. C  0.98. (b) gs  0, h  gm.
C  0.80.
Ref. 10. Figure 4 shows the rf spectra of the lasers
for two synchronization regimes, for a modulation fre-
quency that is related to the frequencies appearing on
the deterministic dynamics  fmod  2t. The spec-
trum of the slave laser is shifted down for clarity. Fig-
ure 4(a) corresponds to gm  gs; Fig. 4(b), to gm  h (as
in Ref. 10, we consider the slave laser a solitary laser).
Notice that the slave laser reproduces the spectrum of
the master laser, with the peak corresponding to the
frequency of the modulation attenuated in both types
of synchronization. However, in the first type of syn-
chronization the spectrum is reproduced with all its
details, whereas in the second type, small differences
can be observed.
To summarize, we have compared two types of
synchronization of unidirectionally coupled external-
cavity semiconductor lasers. In the f irst type, the
lasers are subjected to the same feedback level, and
the laser variables are functionally related, with the
lag time between them equal to 2tc. In the second
type, the lasers are subjected to the same amountof total optical injection, and the laser variables are
identical, with a lag time t 2 tc.
In the first regime of synchronization, a parame-
ter region exists (for large-enough coupling) such that
there is good synchronization even when noise and fre-
quency detuning (of several gigahertz) are taken into
account. In contrast, the second regime of synchro-
nization is much more sensitive to frequency detuning
and noise. These results suggest that the first type of
synchronization might be easier to realize in practical
schemes, such as cryptography, than the second type.
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